Abstract. We study the equation Xu = f where X belongs to a class of area-preserving vector elds, having saddle-type singularities, on a compact orientable surface M of genus g 2. For a \full measure" set of such vector elds we prove the existence, for any su ciently smooth complex valued function f in a nite codimensional subspace, of a nitely di erentiable solution u. The loss of derivativesis nite, but the codimensionincreases as the di erentiability required for the solution increases, so that there are a countable number of necessary and su cient conditions which must be imposed on f, in addition to in nite di erentiability, to obtain in nitely di erentiable solutions. This is related to the fact that the "Keane conjecture" (proved by several authors such as H.Masur, W.Veech, M.Rees, S.Kerckho , M.Boshernitzan), which implies for "almost all" X the unique ergodicity of the ow generated by X on the complement of its singularity set, does not extend to distributions. Indeed, our approach proves that, for \almost all" X, the vector space of invariant distributions not supported at the singularities has in nite (countable) dimension, while according to the Keane conjecture the cone of invariant measures is generated by the invariant area form !.
x1. Introduction
In this announcement we describe results on the cohomological equation Xu = f , where X is a smooth area-preserving vector eld on a compact orientable surface M of genus g 2. Topological reasons force X to have singularities, which will be assumed to be of a canonical polynomialsaddle type (not necessarily non-degenerate). The question we answer can be stated as follows: given a smooth complex valued function f on M, is it possible to nd a (smooth) solution u on M to the equation Xu = f? The study of cohomological equations is mainly motivated by the problem of describing time-changes for ows. In fact, the time-change induced in the ow generated by a vector eld X by a positive function f is trivial if and only if the equation Xu = f ? 1 has (smooth) solutions. In this case the ow produced by the time-change is (smoothly) conjugated to the original one K-H, x2.2]. The rst observation on cohomological equations is that each invariant measure for the ow X t generated by a vector eld X on a compact manifold M gives a necessary condition on f for the existence of a continuous solution of the equation Xu = f . In fact, if is a probability measure invariant for X t , .3)]. These results were obtained for 0 < < 1 in the pioneering work of Livshitz in the early seventies Lv], while the C 1 case is due to for the special case of geodesic ows on some negatively curved manifold and to de la Llave-Marko-Moriyon L-M-M] for more general Anosov ows. In the Anosov case the range of the Lie derivative operator on functions is closed in C ( > 0) and C 1 by the Livshitz property. In fact, it is described by the conditions (1:2) which are all produced by invariant measures. Secondly, there is essentially no loss of derivatives, i.e. the solution u is almost as regular as the given f. However, the hyperbolic nature of the dynamical system forces the existence of a very large (countable) number of periodic orbits so that the codimension of the cohomological equation (i.e. the codimension of the Lie derivative operator on functions) is in nite in all the function spaces where it holds. A di erent behaviour is expected for uniquely ergodic ows. A ow (or a homemorphism) on a compact space M is uniquely ergodic if it has a unique ergodic invariant probability measure. Indeed, for the simplest and best known examples of uniquely ergodic ows, the irrational translations on tori, the cohomological equation is generically solvable with codimension 1 in C 1 . Another important example of uniquely ergodic ow is given by the horocycle ow on a surface of negative curvature. In this case not very much is known on the properties of the cohomological equation, but in the constant curvature case it is not di cult to show by SL(2; R) Fourier analysis that the codimension is in nite because of the existence of in nitely many linearly independent invariant distributions. It is worth examining a bit more closely the properties of the cohomological equation on the torus, since the results which we have obtained can be seen as a generalization to higher genus. Furthermore the torus case will serve as a model. Without loss of generality one can consider the two-dimensional torus. Let be the generator of a translation on the two-torus T 2 . By the Weyl equidistribution theorem, the corresponding ow on T 2 is uniquely ergodic i the ratio 1 = 2 is irrational. However, in such generality no Livshitz type property holds: the range may not be closed even in C 1 or in the analytic category. In fact, after the pioneering paper by C. where (k; ) := k 1 1 + k 2 2 , for k = (k 1 ; k 2 ) 2 Z 2 . The cohomological equation X u = f can therefore be immediately solved, and the Fourier coe cients u k of the solution u are:
where f k are the Fourier coe cients of the function f. It follows from the irrationality of the ratio 1 = 2 that, if f 0 = 0, the equation is formally solvable. The condition f 0 = 0 is not surprising since f 0 = R T 2 f!, where ! = dx 1^d x 2 is the invariant area form which spans the (1-dimensional) cone of invariant measures for X . However, the convergence of the formal solution requires further conditions of Diophantine type on the \small divisors" (k; ), k 2 Z 2 n f0g, for example the existence of constants C > 0, > 1 such that
; for all k 2 Z 2 n f0g :
Assuming a Diophantine condition (DC) the following standard result holds. There exists a natural number l > 1 (which is related to the constant > 1 in (DC)) such that, if s l, for any f 2 C s (T 2 ) having zero average with respect to areaform !, there exists a solution u 2 C s?l (unique up to additive constants) of the equation X u = f. The proof of this statement depends on the fact that the Fourier coe cients of a C s function decay polynomially fast (as jkj ?s ) as jkj ! +1 and are therefore able to compensate the e ect of the small divisors (which is kept under control by (DC)) if s is su ciently large. Thus, irrational ows on the torus give a very important example of nite codimension cohomological equation, where the only condition for solvability is the obvious necessary condition produced by the invariant area. However, this \im-provement", with respect to the case of hyperbolic ows, has the drawback that one loses a nite number of derivatives in the solution. In fact, the phenomenon of nite loss of di erentiability is typical of \small divisors" problem. Solvability properties (with estimates) for the cohomological equation in the case of irrational translations are the cornerstone of the classical KAM theory, which leads to nite codimension smooth stability (with respect to smooth conjugacies) of such ows under \small" perturbations and to the famous results concerning the persistence of invariant tori in Hamiltonian systems (the reader can consult Bs] for a review of the theory). Similarly the Livshitz property was the key step in establishing the canonical perturbation theory for Anosov ows, which describes a complete set of invariants for the smooth stability of such ows under \small" hamiltonian perturbations ( C-E-G] in the case of the geodesic ow on surfaces of constant negative curvature, L-M-M] for more general Anosov ows).
A class of recurrent ows on compact orientable surfaces of genus g 2, having non degenerate saddle singularities, was studied in a pioneering paper by A. Katok Kt] , who proved that they always have at most a nite number of non-trivial invariant probability measures. Later the notion of a measured foliation on a compact orientable surface was introduced by Thurston Th] in his classi cation of di eomorphisms of surfaces. Duality with respect to a xed smooth area form gives a one-to-one correspondence between orientable measurable foliations and a class of area-preserving ows to which Katok's results apply. Since the space of measured foliations can be interpreted as a boundary of Teichm uller space (Thurston's boundary), Teichm uller theory began to play a role in understanding the ergodic properties of such ows and related dynamical systems (such as interval exchange transformations and rational polygonal billiards). The approach based on Thurston`s theory (described in detail in F-L-P]) and Teichm uller theory led in the eighties to a major breakthrough. 
The meaning of these results for area-preserving ows on surfaces of higher genus (whose singularities are saddle-type) is the following. For a \full measure" set of such ows there are no non-trivial probability invariant measures besides the normalized invariant area. A natural question is then to determine the properties of the corresponding cohomological equation. The results we have obtained show how the presence of singularities generates a sequence of invariant distributions which represent additional obstructions to the solvability of the cohomological equation, besides the obvious one given by the invariant area as explained above. However, the nite codimension property still holds if we seek nitely di erentiable solutions. We believe a natural and interesting direction of research is to pursue the study of solvability properties of the cohomological equation for uniquely ergodic (non-hyperbolic) ows preserving a smooth volume form and of the related KAMtype stability properties. Our approach seems to indicate that the choice of a well adapted Fourier analysis is a key step in this kind of problem, due to the subtle nature of the cancellations involved in the existence of solutions. It should also be noticed that the estimated loss of derivatives l > 0 in Theorem B is uniform for all vector elds X in the \full measure" set F ! (M; ) (in fact the argument shows that l = 7 will do). Estimates such as ( ) are also a key ingredient of the Nash-Moser iteration scheme, which is the core of the KAM method in the smooth category. They are therefore of interest in the attempt of applying the KAM method to the smooth conjugacy problem for the orbit foliations associated to the class of area-preserving ows we are considering. This program will hopefully be completed in a forthcoming paper. For area-preserving vector elds on M the Keane conjecture, which establishes the unique ergodicity of \almost all" measured foliations on compact higher genus surfaces, in the sense of Thurston Th] , (or, equivalently, of \almost all" interval exchange transformations), can be stated as follows:
Keane conjecture. For \almost all" X 2 E ! (M; ), the ow X of X is uniquely ergodic on M n , i.e. the cone of invariant measures for X on M n is generated by the area induced by the invariant 2-form !.
Thus, for \almost all" X 2 E ! (M; ), the ow X has no other invariant measures besides the delta measures supported at its singularities and the area !. In particular, the Keane conjecture implies that the dynamical system ( X ; !) is ergodic or, equivalently, that the Lie derivative L X as a di erential operator on L 2 (M; !) has trivial kernel (consisting only of constant functions), for \almost all" X 2 E ! (M; ).
This weaker form of the Keane conjecture, which is su cient for our analysis, can be obtained as a direct consequence of Theorem A by standard ergodic theory. All the results that we prove in the paper are therefore independent of earlier proofs of x3. A short description of the proofs Measured foliations and quadratic di erentials. As mentioned, the orbit foliation of a vector eld X 2 E ! (M; ) is a measured foliation in the sense of Thurston Th] , i.e. it has a transverse measure given by j X j where X := { X ! is the closed dual 1-form. The closedness of X is equivalent to the area preserving property by the identity:
where d! = 0, since ! is a 2-form. A pair of transverse measured foliations having the same singularities induces a complex structure on the complement of the singularity set, which can be uniquely extended to the whole surface M, and denes a holomorphic quadratic di erential on M having the two given foliations as horizontal and vertical foliations in the following sense. A (holomorphic) quadratic di erential q is a holomorphic quadratic form on M. With respect to a local holomorphic coordinate z = x 1 + ix 2 , q can be written as q = (z)dz 2 , where is a locally de ned holomorphic function. Then, the horizontal foliation F q and the vertical foliation F ?q associated to q are de ned as follows: F q is given by Imq 1=2 = 0 with transverse measure jImq 1=2 j; similarly, F ?q is given by Re q 1=2 = 0 with transverse measure jRe q 1=2 j. A measured foliation F is said to be realizable if F = F q for some holomorphic quadratic di erential q. A measured foliation is realizable i it is possible to nd another measured foliation transverse to it. By results contained in H-M], \almost all" measured foliations are realizable. In fact, a measured foliation is realizable if it has a 1-dimensional dense leaf (hence by Kt] and references therein all 1-dimensional leaves are dense). A holomorphic quadratic di erential q vanishing at a nite set of points induces a at structure with cone type singularities at . There is in fact a at metric j (z)j 1=2 jdzj. This metric has cone-type singularities in the sense that, at each p 2 , there exists a neighborhood U p of p in M such that the metric can be written on U p n fpg, with respect to coordinates ( ; ), as (3:2) R q = ? d 2 + (c d ) 2 1=2 ; where c is a positive real number (2 c is called the cone angle at p). In our case, the cone angle is always > 2 and depends on the order of vanishing of the quadratic di erential q at p. The reader can consult St] for properties of the geometry given by the metric R q . In the particular case of the two-torus there exists a nonvanishing holomorphic quadratic di erential de ned by q = dz 2 with respect to a global holomorphic coordinate for any complex structure. The horizontal (resp. vertical) foliations are spanned by the vector elds S = @=@x 1 (resp. T = @=@x 2 ) and the metric R q is the standard at Riemannian metric. In analogy with the torus case we proceed to establish the basic properties of Fourier analysis for any holomorphic quadratic di erential on a compact Riemann surface M.
Fourier analysis for quadratic di erentials. Since the metric R q is at, there exists on M n an orthonormal frame fS; T g of the tangent bundle T M . The vector elds S, T are not de ned at the singularity set of the metric R q (the set corresponds to the set of zeros of the quadratic di erential q and to the singularity set of its horizontal and vertical foliations). In fact, if written in coordinates at a singular point p 2 , their coe cients are divergent at p. The Laplace-Beltrami operator associated to the metric R q can be written as q := ?(S 2 + T 2 ). It is a well de ned second order elliptic di erential operator on M n , but (as for S, T ) its expression in coordinates diverges at the singularities. It is natural to introduce adapted Sobolev spaces It is also important to establish the Weyl asymptotics for the eigenvalues of the hermitian form Q. This formula gives the information which we need on the rate of growth of the eigenvalues. For any > 0, let N q ( ) := card f 2 EV(Q) j g, where each eigenvalue is counted according to its multiplicity. A unitary operator. The circle group acts on the space of (holomorphic) quadratic di erentials as follows: ( ; q) ! q := (e ?i ) 2 q, for all 2 S 1 . The horizontal foliation F of the quadratic di erential q (de ned by the closed 1-form Im(q ) 1=2 ) is spanned by a vector eld S , unitary with respect to the metric R q , which can be obtained through a rotation by the angle from the vector eld S spanning the horizontal foliation of q. It is essentially an application of the Fubini theorem to show that all statements concerning a \full measure" class of area-preserving vector elds can be reduced to the corresponding statements about the family S for \almost all" 2 S 1 (with respect to the 1-dimensional Lebesgue measure). In terms of the orthonormal frame fS; T g introduced earlier: One is led therefore to the study of the simpler Cauchy-Riemann operators S iT (these are elliptic rst order di erential operators), for which the following properties can be proved: It is a classical theorem Zy, VII.9] that, for any Borel complex measure, the corresponding Cauchy integral I (z) (de ned as in (3:7) by replacing the spectral measure by the measure ) has the following property:
Lemma 3.4. The non-tangential limit I (z) ! I ( ) as z ! e i exists almost everywhere with respect to the Lebesgue 1-dimensional measure L on S 1 . Furthermore, there exists a constant C > 0 such that the following estimates hold:
Lf 2 S 1 j jI ( )j > g C j j j j ;
where j j j j denotes the total mass of the measure .
(In fact, we need a re ned version of this, whose proof can be obtained by applying results from Rd], Sn] and S-W]).
Sobolev estimates and existence of invariant distributions. The re ned version of Lemma 3.4 can be applied to nd a distributional solution of the equation S u = f for any given f 2 L 2 q (M) having zero average and for a full measure set of 2 S 1 (which will depend on the function f considered). This is obtained essentially by proving certain estimates in the Sobolev spaces H s q (M). The dependence on f can be eliminated by Fourier series decomposition. Here the information on the decay rate of the Fourier coe cients of H s q functions plays a crucial role (thus motivating the Fourier analysis of Theorems 3.1 and 3.2). The solution is then regularized through a procedure based on properties of Cauchy-Riemann operators. Finally, the existence of non-trivial distributions is proved by the following idea.
By the Riemann-Roch theorem, the dimension of the space M of L 2 q meromorphic function has dimension equal to the genus g 2. Hence, there always exists a meromorphic function having zero average. By the previous construction the equation S U = has a distributional solution for almost all 2 S 1 . By the commutation property D := (S + iT )U is an invariant distribution, i.e. S D = 0 in distributional sense.
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